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Networks

m A network ' = (V/, E, c) is composed by
o V is a set of elements called vertices

e E is a set of elements called edges

o c:V xV —][0,00) is an application named conductance
associated to the edges

m Two vertices i, j are adjacent, i ~ j iff c(i,j) #0

m The degree of a vertex is w; = Z c(i,j)
Jjev
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Matrices associated with networks

Definition
The Laplacian matrix of the network I is defined as

w; if i=/J,
(L) =4 —cli,j) if i #J
0 otherwise.
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Matrices associated with networks

Definition
The Laplacian matrix of the network I is defined as

w; if i=/J,
(L) =4 —cli,j) if i #J
0 otherwise.

A Schrodinger matrix Lg on I with potential Q is defined as a
generalization of the weighted Laplacian matrix as

Lo=L+Q

where Q = diag|qo, - - -, q4] is the
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Schrodinger equations

Consider a subset of vertices F C (V)

The
is the equation

(ﬁQﬁT); = )?;T, | € F, U, f? S R"+1

The
is the equation

(ﬁQUT),' =0,ieF, b€ R+
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Green's matrix of the Schrodinger equation

V" Any solution u of the homogeneous Schrodinger equation (HSE)
satisfies the recurrence relation:

XU,'(X) = a,-u,-(x) + b,'_lu,'_l(X) + C,-+1u,-+1(x), 0<i<d,

v The Wronskian of v and v € R™1 js

Uy Vi
Ug+1 Vi1

w(u, v](n+ 1) = wlu, v](n)

w(u, v](k) k=0,...,n,

v Two solutions u, v of the homogeneous Schrodinger equation
are lin. independent iff w[u, v](k) # 0 for all 0 < k < n.
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Green's matrix of the Schrodinger equation

Definition

The Green's matrix of the Schrodinger equation, G, is either the
inverse matrix of Lq iff Lg is invertible, or the Moore-Penrose
inverse of Lg.

o For any f € R™ the unique solution of the Schiodinger
equation with data f is

=y
I

Q

()
!
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Application of Schrodinger equations

We are interested in solving

o The Schrédinger equation on F with data f € R9+1:

Lou="f

@ The Homogeneous Schrodinger equation on F:

With certain linear conditions on the boundary

Bu=cuy+ciui+---+cqug =g u e RITL
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Boundary value problems

Definition
A boundary value problem on F consists in finding v € R4t such
that

Lou=fonF, Biu=g, Bu=gy,

for a given f € Rt and g1, 82 € R.

Examples of application:

e Lf = ¢j — ce on F (Chip-firing games)

o LHi = ;on V — {k} (Hitting-time)
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Schrodinger equations

Questions:
m Which kind of Schrodinger equations can we solve?
m Which kind of boundary value problems can we solve?

m In which kind of networks can we solve them?
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Basic concepts

Schrodinger matrices on Paths

Let P,12 be a finite path on n+ 2 vertices, V(Ppy2) = F
F
) <o o o o o o o0 nt/
] m

n+1 -

The Schrodinger matrix on Py, > associated to {p;}i" is

x=x  _k e 0
_kb X*g _b 0 0
"L L e
1 X—= 2
Lq(x) = 0 -2 % Tk 0

x—ai—biy _ _bi g the potential for any 0 < i < n—+ 1.

where gj(x) = —7 == — 2%
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Distance-regular graphs

e For two vertices u,v € I, the distance from v to v, d(u, v), is
the least number of edges in a path from u to v.
@ The maximum distance between two vertices of I is the
diameter d of T.
° Lt 1 if d(i,j)=k
i i,j) =k,
(Adij = { 0 otherwise.
be the distance matrices of I, for 0 < k < d. Observe that
A; = A is the adjacency matrix of I
e Agraph G =(V,E)is iff there exists
aj, bj, ¢c; € R such that

AA; = ajAi + bi—1Ai1 + Gir1Aip1, 0<i<d,

where b_1 = ¢c411 = 0.
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Distance-regular graphs

@ The distance-matrices of a distance-regular are a polynomial
of degree i in A, that is, A; = p;(A), 0<i<d, These
polynomials are called the , and they are
a family of orthogonal polynomials satisfying the recurrence

xpi(x) = aipi(x) + bi—1pi—1(x) + ciy1piv1(x), 0<i<d,

@ The associated matrix is a Jacobi matrix

a G 0 0
bo ail () 0 0
Jg = 0 b a ¢ ... 0
0 0o ... ad
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Distance-regular graphs

Example: the cube

b=

o O W o
ON O =
= O N O
o W o o
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Distance-regular graphs

A boundary value problem on F in I is equivalent to a boundary
value problem in a weighted path P, 2

o—e o———O
0100
3020

L2=1020 3
0010
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Solving Schrodinger Equations

Lemma 1

For any k € V, the vectors p = (po(x), ..., pa(x)),
F = (ro(x),- .., ra(x)) € R¥*1 are a basis of the solution space of the
HSE on F, as the wronskian is w[p, F](n) = x/2 for any 0 < n < d — 1.

The Green matrix of the HSE is:

(G)s = Zlpi(50) — ), 0<ij<d, xeR (1)

Thus, the general solution y of the Schrodinger equation on F with data
f € RIt1 is given for any 0 < i < d by

(¥)i = api(x) + Bri(x) + Z (Gh)ij o, €R.
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Two-side boundary value problems on a Path

v A two-side boundary condition on a P,yp is

Bu = aug + buy + cuy, + dunyq, for any u € R™2,

v A two-side boundary value problem on F consists in finding
u € R™? such that

Lou=fonF, Biu=g1, Bu=gy,

for a given f € R"*2 and g1, & € R.

v" The problem is when g1 = g» =0, and
if besides f =0 and g4 = g» = 0.
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Two-side boundary value problems

e The boundary conditions in a matricial form:

Biw] _[ao ai|[w] [an am Un
Bou 00 €1 uy C,n  C2ntl Unt1
e Let uj; be the determinant of

C1i Cij

, jeB={0,1,n,n+1
B J { }

Hij =

e The BVP is regular iff it has a unique solution iff the boundary

polynomial
Pc(x) = ZZd;ju;\/j # 0,

icB jeB
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Two-side boundary value problems

By the classical theory of differential equations

v Any general BVP can be solved by solving the
semihomogeneous BVP associated.

Definition

The Green's matrix of the boundary value problem, Gg, is the
matrix such that

LoGg =1, BiGg=0, BGgo=0

e For any f € R"*? the unique solution of the boundary value
problem with data f is

u = Gof.
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The Green's function of the two-side BVP

The BVP is regular iff

Pa)=5 D mglGu(x))s #0

In this case, the Green matrix of the BVP problem, for any s € F, k € V,
is the matrix whose ks-element, (Go(x))«s, is given by

X kd

d
Hd—1d(GH(x skJrZ (G (x))i Z 1 (GH(X))sj

5 (%) j=d—1

0 k <s,
*{ (Gr())is k> s.
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Two-side boundary value problems

Typical two-side boundary value problems:
m Unilateral BVP
o Initial value problem: ¢, ; = 0 for j € B={0,1,n,n+ 1}

o Final value problem ¢;; =0 for i € B={0,1,n,n+ 1}
m Sturm-Liouville BVP

Lou=1f on F,
C1,0Up + C1,1U1 = &1,
C2,nln + C2.nt1Unt+1 = 82-

e outer-Dirichlet Problem C1,0C1,1 = C2,nC2,n+1 = 0.
e Neumann Problem ¢1 9+ ¢1,1 = ¢,p + ¢ n41 = 0.
o Dirichlet-Neumann Problem ¢; 911 =0, &,p = —,pt1 # 0.
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Unilateral BVP

Initial value problem: c; ; = 0 Final value problem ¢; ; =0

Corollary 1

The Green's function for the initial value problem is

G B 0 if k <s,
(Golks = Stesgdk,s] ifk>s,

and the Green’'s function for the final value problem is

14+c

(0%

where gx[i, j] = [pi(x)rj(x)

0 ik <s,
(GQ)k.s 8x[k,s] +

1+Cl gx[k s] ifk>s,

— pj(x)ri(x)], for i,j € F.
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Sturm-Liouville BVP

aug + buy = g1, cu, + dupi1 = g if (Jal + |b|)(|c| + |d]|) > 0

Corollary 2

For the Sturm-Liouville conditions the boundary polynomial is
= QCEX[O, n] + adEx[Oa n+ 1] + bcEx[]-a n] + bdgx[]w n+ 1],
and the corresponding Green's function for the Sturm-Liouville BVP is

14 @
Q1 (x)Pe(x)
0 if k <s,

+ dgdn+ 1a5])§x[k’°]) +{ gk, s] ifk>s,

(Go)rs (a+ xb)(c&dn.s]

where g.[i, j] = Pi(x)Q;(x) — P;(x)Qi(x), for i,j € F.
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